We compute the high-frequency emission and absorption noise in a fractional quantum Hall effect (FQHE) sample at arbitrary temperature. We model the edges of the FQHE as chiral Luttinger liquids (LL) and we use the non-equilibrium perturbative Keldysh formalism. We find that the non-symmetrized high frequency noise contains important signatures of the electron-electron interactions that can be used to test the Luttinger liquid physics, not only in FQHE edge states, but possibly also in other onedimensional systems such as carbon nanotubes. In particular we find that the emission and absorption components of the excess noise (defined as the difference between the noise at finite voltage and at zero voltage) are different in an interacting system, as opposed to the non-interacting case when they are identical. We study the resonance features which appear in the noise at the Josephson frequency (proportional to the applied voltage), and we also analyze the effect of the distance between the measurement point and the backscattering site. Most of our analysis is performed in the weak backscattering limit, but we also compute and discuss briefly the high-frequency noise in the tunneling regime.
Introduction
In spite of intense theoretical and experimental exploration over the past years, many features of one-dimensional strongly interacting systems have not yet been clarified. For example, charge fractionalization, which has been observed in fractional quantum Hall effect(FQHE) edge states [1] , has not been observed directly in carbon nanotubes. Furthermore, though it is believed [2, 3, 4, 5] that the statistics of LL quasiparticles can be measured in various setups, actual experiments addressing this issue are much fewer [6] . Shot noise is a powerful tool to extract information about the charge and statistics of the elementary excitations of a system. In particular, it is believed that high frequency noise contains important information about the statistics of quasiparticles [4, 5] , as well as about the charge fractionalization in systems such as carbon nanotubes, where charge fractionalization is masked at zero frequency by the metallic leads [7, 8] . While some high frequency noise measurements have been performed for diffusive conductors [9] , the relevant range of frequencies was until recently too high and out of the experimental reach for one-dimensional systems; with new experiments being developed [10, 11] , this range of frequencies will likely become experimentally accessible in the near future. Moreover, these groups will have access to the non-symmetrized noise, i.e. both the emission and the absorption portions of the noise. The emission noise (the non-symmetrized noise at positive frequencies) quantifies the amount of photons of specific frequencies which are emitted by the fluctuating system, while the absorption noise (the non-symmetrized noise at negative frequencies) measures the amount of photons emitted by an active detector that can be absorbed by the fluctuating system. In general the emission noise is non-zero only when energy is put into the system (e.g. by applying an external voltage, or working at finite temperature), and only for frequencies smaller than the applied voltage/temperature, consistent with energy conservation; however there is no such constraint on the absorption noise.
High-frequency symmetrized noise at zero temperature has been addressed theoretically [12, 13, 14] . Similarly, some aspects of the non-symmetrized noise have been addressed theoretically for non-interacting systems [10] and for situations in which the effects of interactions can be taken into account perturbatively [15] . However, non-symmetrized noise in one-dimensional interacting systems has not been previously analyzed theoretically.
Here we compute the high-frequency finite-temperature non-symmetrized noise in a FQHE sample at filling factors of a simple fraction ν = 1/2n + 1 form, and we compare the results to the symmetrized noise. Most of our analysis is done for the weak backscattering limit, but we also compute and discuss briefly the opposite strong-backscattering limit.
The symmetrized noise is proportional to the Fourier transform of the expectation value of the anticommutator of two current fluctuation operators {∆j(y, 0), ∆j(x, t)} ; the nonsymmetrized noise is proportional to the Fourier transform of ∆j(y, 0)∆j(x, t) . We should stress that we can obtain access to both the quantum regime when the frequency is much larger than the temperature, and the classical regime, in which the frequency is much smaller than the temperature. We focus on • the auto-correlations (noise) in the total current flowing trough the system, • auto-correlations and cross-correlations of individual currents flowing trough the four terminals of a FQHE sample (see Fig. 1 ).
The auto-correlations of the total current, as well as of individual branches contain two types of noise:
• noise in the absence of backscattering (which is also independent of voltage).
• backscattering-induced noise (which is the difference between the noise in the presence and in the absence of backscattering).
The cross-correlations between the outgoing right-movers and the outgoing left-movers are solely backscattering-induced. In our analysis we will focus mainly on the backscatteringinduced component of the noise, as it probes the very nature of quasiparticles.
When we study backscattering-induced noise we also need to distinguish between • zero voltage noise, • the excess noise, which is the difference between the noise at a finite voltage and the noise at zero voltage. Since the noise in the absence of backscattering is independent of voltage, this is the same as the difference between the backscattering-induced noise at a finite voltage and the backscattering-induced noise at zero voltage.
We focus first on the auto-correlations of chiral outgoing branches, and the cross-correlations between outgoing branches with opposite chiralities. We find that these are entirely even in frequency, and also do not depend on the distance between the point where the current is measured and the backscattering site. The most striking feature observed is a singularity at the Josephson frequency (JF) ω 0 = νeV /h (proportional to the applied voltage V , and to the filling factor ν equal to the fractional charge g). This feature appears as a cusp in a noninteracting system (ν = 1) such that the noise decreases linearly from 2geI B at zero frequency to zero at the JF. For interacting systems with g < 1/2, for example for g = ν = 1/3 the noise exhibits an inverse power-law divergence at the JF, and decays to zero for frequencies larger than the JF. At finite temperature the singularity is rounded-off, and the noise exhibits a peak slightly below the JF. The position and the width of the peak, as well as the manner in which the noise decays to zero above the JF depend on temperature: at low temperature the peak is very sharp and close to the JF, but when the temperature is increased the peak moves to lower frequencies, widens and disappears completely for temperatures comparable to the applied voltage. The zero temperature limit of our results is consistent with the behavior of the symmetrized cross-correlations obtained in Ref. [12] . Next we analyze the dependence on frequency of the non-symmetrized noise in the total current. We focus first on the situation in which the distance between the point where the current is measured and the backscattering site is much smaller than v F /νω, where v F is the Fermi velocity, for all frequencies ω probed experimentally. We find that the emission noise is roughly equal to the noise in the outgoing chiral branches, however the absorption noise exhibits a positive peak slightly below the JF, and a negative dip slightly above the JF. The average of the two, which is the symmetrized noise, is similar in structure to the absorption noise.
Another important quantity that we study is the non-symmetrized excess noise (the difference between the non-symmetrized noise at finite and zero voltage). Consistent with previous findings [10] we show that this is even for non-interacting electrons. However we find that it becomes non-symmetric in the presence of interactions. This is a signature of Luttinger liquid physics which will probably exist also in other one-dimensional systems such as carbon nanotubes even in the presence of metallic leads.
If the distance x between the backscattering site and the measuring point is significant, oscillations with a period 2πv F /νx in the noise dependence on frequency also appear. Such oscillations do not occur in the auto-correlations of individual branches or in cross-correlations of outgoing branches, but are manifest in the absorption noise and in the symmetrized noise of the total current. If an average over the position of the measuring point is performed, both the non-symmetrized and the symmetrized noise are reduced to the form of the individual branch correlations described previously.
We treat the edges of the FQHE as infinite chiral Luttinger liquids, and we use a perturbative Schwinger-Keldysh formalism [16] to compute the backscattered current and the noise up to second order in the backscattering amplitude. In section 2 we present the basics of the mathematical formalism used to calculate the noise. Some of the details of the calculation are outlined in Appendices A and B. In Section 3 we present our results for the non-symmetrized noise and a comparison with the symmetrized noise. In section 4 we discuss our results in comparison with the Landauer-Büttiker approach, we discuss also the correspondence with the generalized Kubo formula and with the fluctuation-dissipation theorem, as well as the results for the high-frequency non-symmetrized noise in the tunneling limit. We conclude in section 5. We model the edges of the FQHE as an infinite Luttinger liquid described by the Hamiltonian
where H 0 describes the interacting one-dimensional system, and H B accounts for the backscattering. Explicitly, we have
Here, Φ(x, t) = Φ R (x, t) + Φ L (x, t) is the standard Bose field operator in bosonization and Π(x, t) = ∂ t Φ(x, t)/v F is its conjugate momentum density. The parameter g is the value of the fractional charge of the free excitations of the model; for the FQHE it has been shown [17] that g is equal to the filling factor ν. Also k F is the Fermi wavelength, and x 0 is the position of the backscattering site; for simplicity we will set x 0 to zero in our calculations.
In bosonization, the current operators are related to the bosonic chiral fields
and
The presence of an applied voltage can be taken into account by the shift in the tunneling operator such that Γ → Γe iω 0 t , where ω 0 = geV /h is the Josephson frequency associated with the applied voltage.
The finite frequency non-symmetrized noise S 1 ab (x, y, ω) is defined as
where a, b stand for the right/left moving indices, and ∆j a (x, t) = j a (x, t) − j a (x, t) is the current fluctuation operator at position x and time t. For positive frequencies, Eq. (6) corresponds to emission noise, and for negative frequencies it corresponds to absorption noise. The noise in the total current is given by
The symmetrized noise can be obtained by symmetrizing the above with respect to frequency,
and similarly for the noise in the total current. The calculation of the symmetrized and of the non-symmetrized noise is performed using the non-equilibrium Schwinger-Keldysh formalism [16] ; the details are presented in Appendices A and B.
Results
We find the noise in the absence of backscattering to be
or equivalently, using the Keldysh transformations presented in the Appendices,
Since our formulas will apply both for symmetrized and non-symmetrized noise, we will use the index α to distinguish between them, such that α = 0 for the symmetrized noise and α = 1 for the non-symmetrized noise. AlsoC +− is the Fourier transform of the two point correlator which is given by C +− ab (x, 0; y, t) = Φ a (y, t)Φ b (x, 0) . We can see that Eq. (9) is consistent with the definitions from Eq.(4). TheC R,A,K are the corresponding Fourier transforms of the retarded, advanced and symmetric Green's functions of the system in the absence of backscattering. They are presented in detail in Appendix B, and we can writẽ
For simplicity we present two situations, x = y > 0 (the currents are measured at the same position), and x = −y > 0 (the currents are measured at equal and opposite distances from the backscattering site). More general situations can be easily obtained from the formalism presented in the Appendices. For x = y > 0 we can write for the noise in the absence of backscattering:
for the chiral branches, with the cross-correlations between the right and the left-movers vanishing in the absence of backscattering: s α RL (x, −x, ω) = 0. For the total current we find
As also described in the Introduction, the total noise is the sum of the noise in the absence of backscattering and of the backscattering-induced noise: S α (x, y, ω) = s α (x, y, ω)+δS α (x, y, ω). Following the treatment described in Appendix A, using the same notations and following similar lines with Ref. [7] , we find that the backscattering-induced components of the correlations between chiral currents can be written as:
where again α = 0 for the symmetrized noise and α = 1 for the non-symmetrized noise. Here we have
The functions f A (ω) and f C (ω) are given by
where ∆j B (t) = j B (t) − j B (t) . The expectation values are performed with respect to the full action. Also, j B (t) is the backscattering current operator at the backscattering site
Similarly
In this notation, the emission noise is the non-symmetrized noise taken at positive frequencies, while the absorption noise is the non-symmetrized noise at negative frequencies.
We note that by summing up the chiral components of the noise to obtain the noise in the total current, we recover the same structure for the symmetrized noise as the one presented in Ref. [7] .
Up to this point the calculation is non-perturbative and we can analyze a few nonperturbative features of our results. For example we note that if one studies the case x = y > 0, the fluctuations in the chiral currents will be independent of position. Similarly for the situation x = −y > 0, the cross-correlations between the outgoing right-movers and the outgoing left-movers are spatially independent. This is because the noise terms described above depend on position only through the free propagation of a chiral moving mode from the first measuring point to the backscattering siteC L/R (x, 0, ω), and through the free propagation of another chiral mode from the backscattering site to the second measuring pointC L/R (y, 0, −ω). Thus the total phase accumulated during the propagation cancels for δS RR/LL (x, x, ω) and for δS RL (x, −x, ω) which are position independent. However other quantities, such as the crosscorrelations between the incoming and outgoing right-movers δS RR (x, −x, ω), are affected by interference effects, and are hence position dependent.
We also note that, as it can be seen from the above non-perturbative formulas and from Eqs. (12), the chiral δS 1 RR (x, x, ω), and δS 1 RL (x, −x, ω) current correlations are equal to each other, and also even in frequency (independent of α -the emission noise is equal to the absorption noise). However δS 1 RR (x, −x, ω) and the backscattering noise in the total current δS 1 (x, x, ω) are non-symmetric (dependent on α -the emission noise is different from the absorption noise).
Perturbative results
Using Eq. (15) we can now evaluate our results perturbatively up to second order in Γ to find
The other cross-correlators are evaluated in Appendix A in Eq.(89). Using the above formulas and Eq.(89), we find the noise in the total current to be:
where we can evaluate f C (presented in Eq. (21)) perturbatively:
is the value of the backscattered current for an applied voltage equal to Ω, with
When taking into accounthω ≪ ǫ h this becomes
whereω =hω/2πk B T . For g = 1/2
while for g = 1(non-interacting system),
We can note directly from Eq. (25) that for frequencies much larger than the temperature, i.e in the quantum regime, the emission noise (ω > 0) is independent of position, and it decays to zero for frequencies slightly larger than the Josephson frequency.
We evaluate some simple limits (g = 1, and g = 1/2) to obtain:
for g = 1, where I B is the value of the backscattering current. The result for the symmetrized noise (α = 0) is in agreement with the Landauer-Büttiker formalism [18] which finds that the noise dependence on frequency for an arbitrary amount of backscattering is:
where T is the transmission of the barrier. We see that by taking the limit T → 1 (weak backscattering), and expanding this result in 1 − T ∝ |Γ| 2 we retrieve the same behavior as that presented in Eq.(31).
For g = 1/2, we obtain
which for α = 0 (symmetrized noise) is consistent with the small Γ limit of the exact calculation presented in Ref. [12] performed using a scattering approach. We also note that the expansion of I B (x) around x = 0 is of the form of ax+bx 3 . Similarly, I B (x) ≈ x 2g−1 for x ≫ 1. This is consistent with the standard Luttinger liquid theory, where the current is linear with voltage for voltages much smaller than the temperature, and has a power-law dependence on voltage for voltages much larger than the temperature. Also, this implies that the zero-temperature inverse power-law divergences in the first term in δS at the JF are rounded off quadratically at finite temperature. The second term in δS is linear in the vicinity of the JF.
Before plotting our results we will also say a few words about the range of validity of the perturbative expansion. To ensure that the perturbative approach is valid we need to check that the backscattering-induced noise is much smaller than the noise in the absence of backscattering. For frequencies far from the Josephson frequencies this translates into the criterion: [max(eV, k B T, ω)/ǫ h ] 2−2g ≫ |Γ| 2 /ǫ h , where ǫ h is the high energy cutoff of the problem. For the regime when ω is comparable to ω 0 , the criterion is harder to write down, and we have to check that the height of the peaks near the Josephson frequency is sufficiently limited by the temperature.
In Fig. 2 we plot the non-symmetrized backscattering-induced correlations between the chiral currents δS
. These correlations are even, and independent of position. They also exhibit a singularity at the JF ω 0 = geV /h. This is cusp-like for a non-interacting system (ν = 1). For g = 1/2 the noise has a step-like transition, while for g = ν = 1/3 the noise exhibits a peak slightly below the JF, and falls to zero for frequencies larger than the JF. From Eq. (22) we can see that in the absence of an applied voltage the correlators described above vanish (the backscattering-induced noise is equal to the excess noise). Also, while the fluctuations in the current of outgoing right-movers are non-zero in the absence of backscattering, there is no such component for the cross-correlations between the outgoing right-movers and the outgoing left-movers. Thus the cross-correlations are of great experimental relevance when we are interested in isolating the backscattering-induced noise; while for some of the noise quantities that can be measured in a FQHE four-terminal setup the contributions in the absence of backscattering (of order 1) may mask the backscattering-induced noise (of order |Γ| 2 ≪ 1), this is not the case for the cross-correlations. We now present our results for the non-symmetrized noise in the total current. For simplicity we start with the limit gωx/v F ≪ 1 which is presented in Fig. 3 . Consistent with Eq. (22), we see that the emission noise is similar to the chiral current correlations presented above. At low temperature the emission noise vanishes for frequencies larger than the JF, consistent with the intuitive picture that no photon with an energy larger that the applied voltage can be emitted by the fluctuating system. While the emission noise behaves similar to the chiral current correlators, the absorption noise exhibits a positive peak slightly below the JF, and a negative dip slightly above the JF. The function connecting the negative and the positive resonances has a linear dependence of frequency when it passes through the JF. As depicted in Fig. 3 , with increasing the temperature the peaks broaden and move away from the JF, to disappear for temperatures of the same order of magnitude as the applied voltage. The corresponding excess noise is depicted in Fig. 4 . Indeed, as described in Ref. [10] , the emission and absorption excess noises are equal for non-interacting electrons. However, they are different in the presence of interactions. The asymmetry between the emission and absorption high-frequency excess noises is an important signature of Luttinger liquid physics which should be looked for also in carbon nanotubes where the presence of metallic leads masks the physics of charge fractionalization in the zero frequency noise. Also, we note that the absorption excess noise can even become negative in some regions of frequency for g < 1/2. A similar behavior was also found for the symmetrized noise of one-dimensional interacting systems connected to metallic leads [7] , as well as for the case of a ballistic single-channel quantum wire, capacitively coupled to a gate [19] .
The dependence of the absorption noise on frequency in the limit in which gωx/v F is of order 1 is presented in Fig. 5 . For the temperature considered here, k B T /hω 0 = 0.03, the emission noise is basically unchanged and is still characterized by the behavior presented in Fig. 3 ; note that oscillations with a period of πv F /gx appear in the absorption part of the noise. By averaging over the position of the measuring point, the absorption noise in the total current actually becomes equal to the emission noise.
The total non-symmetrized noise (including the noise in the absence of backscattering) described by Eq. (11) is depicted in Fig. 6 . We see that the emission spectrum is solely backscattering-induced, consistent with the fact that at small temperature the amount of photons that can be emitted by the system is very small if no energy is transferred to the 
, as a function of frequency (in units of ω 0 ) for ν = 1 (dashed line), ν = 1/3 (full line) and ν = 1/2 (dotted line). We set k B T /hω 0 = 0.03 and gωx/v F ≪ 1. For simplicity we denote S 1 (x, x, ω) ≡ S 1 (ω). The backscattering absorption noise in the total current δS 1 (x, x, ω < 0) (renormalized by geI B ) as a function of frequency (in units of ω 0 ) for g = ν = 1/3 (full line), g = ν = 1 (dashed line). We set k B T /hω 0 = 0.03. For positive frequencies (emission noise), we retrieve the same behavior as the one described in Fig. 3 . S ( ) Figure 6 : The total non-symmetrized noise S 1 (x, x, ω) = s 1 (x, x, ω) + δS 1 (x, x, ω) in the total current (including the noise in the absence of backscattering) for g = 1 (dashed line) and g = 1/3 (full line) (in arbitrary units), as a function of frequency (in units of ω 0 ), for gωx/v F ≪ 1. We set k B T /hω 0 = 0.03. For simplicity we denote S 1 (x, x, ω) ≡ S 1 (ω).
system (e.g. through applying a voltage). Next we focus on the symmetrized noise. We note that in general it is not identical, but it has a similar behavior to the absorption noise. In Fig. 7 we plot the symmetrized excess noise in the total current as a function of frequency for a few values of the parameter g, when gωx/v F ≪ 1. For a strongly interacting one-dimensional system such as the one described by g = 1/3, the excess symmetrized noise has regions in which it becomes negative, similar to the absorption excess noise. Experimentally this may be used as a the signature of Luttinger liquid physics in the presence of strong interactions between electrons. When gωx/v F is of order 1, the dependence of the symmetrized noise on frequency is depicted in Fig. 8 . We note again the presence of oscillations with period πv F /gx, similar to the case of the absorption noise. If an average with respect to the measuring point is performed, the symmetrized noise also reduces to the behavior of the cross-correlations presented in Fig. 2 . For the case of the total symmetrized noise the noise in the absence of backscattering (of order 1) gives rise to a linear background with a slope proportional to g; backscattering (of order |Γ| 2 ) creates a small cusp-like feature at ω 0 for g = 1 and a small "bump-like" feature for g = 1/3. This is also similar to the absorption noise in Fig. 6 .
We would like to mention here that this behavior if similar to the behavior of a different physical system; as it turns out, one can map the impurity problem in a Luttinger liquid to the problem of a coherent one-dimensional conductor embedded in an ohmic environment with an arbitrary resistance [20] . For the latter, the high frequency symmetrized noise was computed [14] by combining a scattering matrix approach with a real time effective action formalism, and a similar behavior was found, with the difference that the Josephson singularity appears in that situation at a value proportional to the value of the voltage across the sample U and not to the value of the voltage source V . We will examine the consequences of this mapping for the high-frequency non-symmetrized noise of a coherent conductor embedded in an ohmic environment in a separate publication.
Discussion

Comparison with the Landauer-Büttiker approach for the symmetrized noise
We can compare our results to those obtained using a standard Landauer-Büttiker (LB) approach [18] for non-interacting electrons. In the limit when the distance from the backscattering site to the measuring point is very small, ωx/v F ≪ 1, we can write the symmetrized 
where I R/L in/out are the currents of incoming/outgoing right/left movers with the convention that all currents are positive if flowing from left to right in Fig. 9 . The tunneling current between the two edges is denoted I B . Noting that I R in − I Rout = I L in − I Lout = I B , we can rewrite the total noise (up to terms of the form
We can connect this relation to our results presented in Eqs. (16, 17) . We can identify the fluctuations in the tunneling current between the edges {I B (t), I B (0)} with the term S A in Eq.(16). As described in Eq.(32), for non-interacting systems this term will be given by T (1−T ) m=±1 (hω +meV ) coth[(hω +meV )/2k B T ]. Perturbatively we found this term to be m=±1 coth[(ω + mω 0 )/2k B T ] I B (ω + mω 0 ). In the case of small backscattering 1 − T ≈ |Γ| 2 , and the two expressions are consistent in the non-interacting limit for which I B (ω) ∝ ω.
Similarly we see that we can identify the Fourier transform of {I Rout (t),
, I Lout (0)} with the term denoted S C in Eq. (17) . We note that this term is due to correlations between currents in the same reservoir. In the LB formalism in the absence of interactions (see Eq.(32)) this term is proportional to Thω coth(hω/2k B T ), while perturbatively we found it to be proportional to − coth(ω/2k B T ) m=±1 I B (ω + mω 0 ). We see that again the two expressions agree in the non-interacting limit for which I B (ω) ∝ ω, in the case of small backscattering.
In a four-terminal setup such as a FQHE bar, one has experimental access to the chiral current correlations as well as to the noise in the total current. We can see from the formulas presented in Eqs. (22, 25) that in this situation one can also measure the two terms described above separately, for example by combining the symmetrized cross-correlations and the symmetrized noise in the total current:
. Similar combinations of the emission and the absorption noise could also be used to separate the two terms. The individual measurements of S A and S C may allow one to extract important information about the system; for example we note that for non-interacting systems S C is voltage-independent; the fact that S C depends on voltage only in the presence of interactions could provide a direct way to reveal them in a FQHE system.
Generalized Kubo formula
It has been shown that one can also write a generalization of the Kubo formula for nonlinear systems in the linear regime corresponding to small values of the applied voltage. In this regime the antisymmetric part of the current noise can be related to the differential AC conductivity such that
where G d (ω) is the differential conductivity of the system. We can derive a more general relation for our system by analyzing the antisymmetric part of the noise. We start from the general position-dependent non-perturbative results presented in Eqs. (11, 16, 17, 18) , and we analyze the connection between the noise and the Green's functions of the system modified to take into account the effect of local backscattering. Thus, we can rewrite Eqs. (11, 16, 17, 18) such that the total symmetrized current fluctuations are related to the Keldysh Green's functioñ C K in the presence of backscattering:
while the non-symmetrized noise is related toC +− :
where consistent with our previous notations, the indices 0 and 1 denote the symmetrized/nonsymmetrized noises respectively. Here we can see that Eqs. (11, 16, 17, 18) imply that the Green's functionsC K andC R,A obey Dyson-type equations with the roles of self-energy being played by the functions f A (ω) and f C (ω).
Noting that by the definition of the Keldysh transformation
we can see that the difference between the symmetrized and the non-symmetrized noises comes fromC A −C R . Notice that a similar behavior will be observed if one works with the chiral Green's function instead of the total Green's functions. Thus for the fluctuations of the current evaluated at the same position in space we can write:
We can also show thatC A (x, x, −ω) =C R (x, x, ω) = −C R (x, x, −ω) * , and we can rewrite the above exact expression as
If we use the definition of the retarded Green's function presented in Eq. (97), and the definition of the current in Eq. (4), we find ω 2CR (x, x, ω) to be proportional to the Fourier transform of the non-linear response function of the system θ(t − t ′ ) [j a (x, t), j a (x, t ′ )] . In the limit eV ≪hω we can relate the non-local AC conductivity and the retarded Green's function by
and we find that
This extends the generalized Kubo formula presented in [21] . The extra factor of 2 is due to our definition of noise. We can now also verify explicitly how our perturbative results satisfy this condition. For clarity we focus on the case ωx ≪ 1 and we drop all spatial indices. We find:
We note that for small applied voltages this can be expanded as
where σ 0 (ω) = ge 2 /h is the unperturbed conductivity of the system. Following Ref. [7] we define the conductivity of the system to be
where σ 0 (x, y, ω) = ge 2 /h is the conductivity of the system in the absence of the backscattering, and
is the contribution to the conductivity due to backscattering. Here C is the generalized twopoint function for an infinite Luttinger liquid in the absence of backscattering given in Eq. (87) of Appendix A. The backscattered current can be expressed in terms of this conductivity as
Thus we can write
which is consistent with the generalized Kubo formula presented above.
Fluctuation dissipation theorem
We check that the noise at zero voltage can indeed be related by the fluctuation-dissipation theorem to the real part of the conductivity. The noise is described by Eqs.(37,38) presented in the previous subsection. At zero voltage we expect that
In the absence of backscattering, we see from Eq. (12) that this is indeed the case. Using the relation between the retarded Green's function and the conductivity in Eq.(45), we then expect
We can check how this relation is satisfied by our perturbative results. We found that the noise in the absence of an applied voltage is:
which can be rewritten as
This is indeed the fluctuation-dissipation theorem for the symmetrized and for the nonsymmetrized noise.
Tunneling limit
For completion we can also analyze the noise in the limit when the magnitude of the backscattering is very large. In this limit we can treat the system as being disconnected into two subsystems by the scattering site, with only a small amount of tunneling between the two subsystems. This limit is not so relevant for measuring the fractional charge of the quasiparticles, as in this situation the shot noise contains primarily information about the electrons tunneling between the two subsystems. We thus expect the ratio of the noise at zero frequency to the tunneling current to be proportional to e instead of ge [22] . Also, the Josephson frequency is shifted to eV /h instead of geVh. The total noise in this limit is given solely by a I t Figure 10 : Schematics of the sample for the tunneling regime single term describing the fluctuations in the tunneling current between the two edges. For simplicity, we restrict ourselves to the limit ωx/v F ≪ 11 and we find the noise to be:
withω 0 = eV /h, andf
whereÎ t is the tunneling current operator between the two edges. Similarlỹ
is the value of the tunneling current for an applied voltage equal to ω, with
whereω =hω/2πk B T . We see that indeed at zero frequency, the symmetrized noise S 0 (ω → 0) = 2eI t (ω 0 ), while at high frequency the noise has a singularity at a Josephson frequencyω 0 given by eV /h. Also, information about the Luttinger liquid characteristics of the FQHE edges is contained in the 1/g exponent, which is the dual of the g exponent in the case of small backscattering between the two edges. When we plot the non-symmetrized noise as a function of frequency for a few values of g (see Fig. 11 ), we find that indeed the case of g = 1 is consistent with the known results for non-interacting fermions. The case of small g shows that indeed the noise has a power-law dependence ω 2/g−1 on frequency; however the singularities at the Josephson frequencyω 0 are very soft in this situation, for example the singularity in the emission noise is of the type θ(ω 0 −ω)|ω −ω 0 | 5 for g = 1/3 which is very weak and becomes basically impossible to observe. A similar situation happens for the absorption noise, as can be seen from Fig. 11 . The non-symmetrized noise in the tunneling current S t (ω) as a function of frequency (in units of ω 0 = eV /h) for ν = 1/3 (full line), and ν = 1 (dashed line). The noise S t (ω) is given in units of eI t for the case of g = 1, while for g = 1/3 the units are arbitrary to facilitate the plot of the two curves on the same figure without a loss of information at large negative frequencies.
Conclusion
We computed the high frequency non-symmetrized noise for a FQHE sample with small backscattering. At zero frequency we retrieved the classical result, S = 2geI B . At finite frequency and zero temperature the most striking feature we observe is a singularity at the Josephson frequency ω 0 = geV /h. This singularity is rounded off by temperature. For a non-interacting system (ν = 1) this feature is cusp-like, while it has power-law resonant characteristics (a peak, or a "positive peak -negative dip" structure depending on the quantity measured) in a strongly interacting system, e.g. (ν = 1/3).
Other important aspects that we observed were that the non-symmetrized correlations of chiral outgoing branches are entirely even in frequency. However, the backscattering-induced noise in the total current is not even. If one looks instead at the excess noise we see that this is even in the absence of interactions, but it becomes asymmetric if the electron-electron interactions are taken into account. Thus, the asymmetry with respect to positive and negative frequencies in the excess noise can be used to assess the Luttinger liquid character of a system. Also we noted that the excess noise (both symmetrized and non-symmetrized) can become negative in some regions of frequencies, and for very strong electron-electron interactions; this may provide a signature of Luttinger liquid physics.
If the distance between the scattering site and the measuring point is significant, oscillations of the noise with respect to frequency will also appear. The period of these oscillations is proportional to the fractional charge g. Such oscillations do not occur in correlations of chiral outgoing branches, but are manifest in the absorption part of the non-symmetrized noise of the total current, as well as in the symmetrized noise of the total current.
We have also analyzed also the limit when the strength of backscattering is very large and the system is disconnected in two subsystems, in this situation the noise is dominated by electrons tunneling between the two subsystems.
We should note that, while not done here, for the case of weak backscattering it would also be interesting to compute the higher order corrections in the backscattering amplitude Γ for the emission and absorption noises at high frequencies. As shown in [5] , the fourth order contributions to the high frequency symmetrized noise in a Laughlin state as well as in a non-Abelian Pfaffian state contain information about fractional and non-Abelian statistics; it would also be interesting to see what are the effects of the higher order corrections for the non-symmetrized noise.
− + η=+ η=− Figure 12 : The two branches of the Keldysh contour
As depicted in Fig.12 , we introduce the standard Keldysh time contour [16] and we denote by Φ + a and Φ − a (a = R/L denotes the chirality) the complex fields on the upper and lower time branch of the contour. We introduce the generating functional
where the vector label r ′ stands for
and N Z is a normalization factor, which assures that
is the inverse of a 4 × 4 matrix defined by the four free correlators 
One can simplify the notation by introducing infinite-dimensional vectors and matrices where both r, η and a are component labels. Defining
one can rewrite the generating functional (62) as
where the superscript T indicates the transpose. Shifting the fields
the generating functional can be factorized into
where Z 0 and Z B are given below. In particular, Z 0 is the generating functional in the absence of a backscatterer and reads
The second factor Z B in (71) is the generating functional
which weighs the backscattering term, and where the dependence on the source field J(x) is contained in the shift A defined in Eq. (70). In components, the latter reads explicitly
The Keldysh Green's functions can be related to the regular Green's function using the relations:
Here C R/A a are the retarded and advanced Green's function respectively, η 1,2 = ±, and C K a is defined in Appendix B; for an infinite Luttinger liquid we evaluate it explicitly in Appendix B.
The finite frequency non-symmetrized noise S ab (x, y, ω) is defined as
where a, b stand for the right/left moving indices, and ∆j a (x, t) = j a (x, t) − j a (x, t) is the current fluctuation operator, with j a (x, t) = e∂ t Φ a (x, t)/ √ π. Thus, using the Keldysh formalism we can express the non-symmetrized noise as
The noise in the total current is obtained by summing up S RR + S LL + S RL + S LR . The procedure of taking the functional derivatives is lengthy but straightforward and follows closely the procedure described in Ref. [7] . We obtain
where α = 0 for the symmetrized noise and α = 1 for the non-symmetrized noise. Here we have 
for m = A, R, K, and x 0 is the backscattering position which we will set to zero. The functions f A (ω) and f C (ω) are given by 
where ∆j B (t) = j B (t) − j B (t) . The expectation values are performed with respect to the full action. Also, j B (t) is the backscattering current operator at the backscattering site j B (t) = − ē h δH B (Φ) δΦ(0, t) . 
We can evaluate f A and f C perturbatively up to second order in Γ to find: 
where ω 0 = geV /h, and C is the generalized correlation function C(x, t; y, 0) = Φ(x, t)Φ(y, 0) − Φ 2 (x, t) + Φ 2 (y, 0) 2
with Φ = Φ R + Φ L . The Green's functions for an infinite Luttinger liquid system are presented in Appendix B. Using their specific forms we find that for x = y > 0, the noise in the absence of backscattering is 
Here, as before, we denote the symmetrized noise by α = 0 and the non-symmetrized noise by α = 1. The noise in the total current is
Similarly, we find: 
where F g (ω) was defined in Eq. (27), we retrieve the equations presented in section 3.
Appendix B -Chiral Green's functions for an infinite Luttinger liquid
The correlations for two chiral operators in a Luttinger liquid can be computed from the fundamental correlations: C a (x, t; y, 0) = Φ a (x, t)Φ a (y, 0) − Φ 
We observe that the total C satisfies the fluctuation-dissipation theorem, while this is not the case for the individual chiral Green's functions.
